We develop a general perturbative computation of finite-frequency quantum noise which applies, in particular, to both good or weakly transmitting strongly correlated conductors coupled to a generic environment. Under a minimal set of hypotheses, we show that the noise can be expressed through the non-equilibrium DC current only, generalizing a non-equilibrium fluctuation dissipation relation. We use this relation to derive explicit predictions for the non equilibrium finite frequency noise for a single channel conductor connected to an arbitrary Ohmic environment. In a quantum circuit composed of several coherent conductors, electronic transport depend on the global circuit even when conductors are separated by distances greater than the electronic coherence length as, for instance, in the dynamical Coulomb blockade (DCB) 1,2 . Consequently, classical laws of electricity such as the impedance composition law are violated 3 . It is therefore important to look for quantum laws of electricity replacing the classical ones. They must be independent on details of the dynamics such as coupling to the environment or screened Coulomb interactions within each conductor. For example, the recently derived universal relation between current correlations and generalized admittances for non-linear time dependent transport in quantum circuits 4 is a consistancy condition valid independently of the details of the system's initial density matrix, Hamiltonian and coupling to its environment.
In a quantum circuit composed of several coherent conductors, electronic transport depend on the global circuit even when conductors are separated by distances greater than the electronic coherence length as, for instance, in the dynamical Coulomb blockade (DCB) 1,2 . Consequently, classical laws of electricity such as the impedance composition law are violated 3 . It is therefore important to look for quantum laws of electricity replacing the classical ones. They must be independent on details of the dynamics such as coupling to the environment or screened Coulomb interactions within each conductor. For example, the recently derived universal relation between current correlations and generalized admittances for non-linear time dependent transport in quantum circuits 4 is a consistancy condition valid independently of the details of the system's initial density matrix, Hamiltonian and coupling to its environment.
Assuming thermal equilibrium also leads to system independent relations such as the standard fluctuation dissipation theorem (FDT) 5, 6 derived within a linear response theory. This FDT is now embraced by a general corpus of non-equilibrium fluctuation relations derived for charge transport in the classical regime 7, 8 , non-linear DC transport through a single quantum conductor 9 and quantum circuits in the limit of weak environmental effects 10 . However the validity of such results for quantum circuits involving strong environmental effects is still an open question.
Such effects have been studied within the Dynamical Coulomb Blockade problem, first in a tunnel junction coupled to a linear environment 11 . The case of a good conductor coupled to a small impedance was then considered [12] [13] [14] and further works [15] [16] [17] have completed our understanding of the DCB of the current for higher impedances. The question of the DCB of the noise has been explored theoretically 15, 18, 19 , leading to experimental investigations 20 . The importance of fluctuation dissipation relations (FDRs) relating the finite frequency (FF) quantum noise to the DC non-equilibrium average current progressively emerged 21, 22 . In fact, similar FDRs had been derived in the stationary regime in the fractional quantum Hall effect 23 and, for the symmetrized FF noise for free quasiparticles 24, 25 , in presence of a linear environment 26 and in presence of arbitrary interactions 27 . In this Letter, we show that the FDR between the FF quantum noise and DC non-equilibrium current 21 is valid independently of the details of the conductor as well as of its environment provided the following hypotheses are satisfied : (i) validity and finiteness of perturbation theory, (ii) absence of superconducting current and (iii) detailed balance in the limit of vanishing tunneling, a condition to be obeyed by the total tunneling operator, which includes phase fluctuations.
This FDR can be exploited in various ways: first, it provides a test of the hypotheses (i)-(iii) when one measures independantly both the average current and its FF noise. Secondly, it provides explicit predictions for the FF noise from the DC non-equilibrium current which is easier to compute than the noise. As an illustration, using the mapping between the DCB problem and the Tomonaga-Luttinger liquid (TLL) theory 16, 28 , our FDR gives explicit predictions for the effect of an Ohmic environment on the FF noise from that on the DC nonequilibrium current, thus extending previous 19, 20, 23, 29 works.
We consider a quantum circuit built from a two terminal conductor with possible strong correlations and coupled to an arbitrary environment involving other conductors without any restriction (see Figure 1) .
The circuit is biased by a DC voltage V and its Hamiltonien is decomposed into
Here cesses across the junction are encoded within tunneling operators A and A † which include environment induced quantum fluctuations of the phase jump across the conductor. The DC bias V introduces a frequency scale ω dc = qV / where q denotes the effective renormalized charge of transferred quasi-particles. The current operator is defined as:
Here we focus on FF noise expressed perturbatively with respect to A. Several approaches to this problem are possible. One could model the electromagnetic environment in a quantum input/output approach, a first step in this direction being taken by Parlavecchio et al for a tunnel junction coupled to an LC oscillator 22 . On the other hand, the standard field theoretical approach followed here considers an adiabatic branching of tunneling from an initial condition at t → −∞ described by a density operatorρ 0 . SinceÎ(t) is of first order with respect to A, averages can be computed with respect toρ 0 and using the Heisenberg representation with respect to H 0 :
To ensure absence of a super current in the limit of vanishing tunneling whenever superconductors are present, we require that:
where
At the lowest order, the FF noise is given by
whereÎ 0 (t) is obtained by replacing A in Eq. (2) by A 0 (t) given by Eq. (3). The detailed balance (hypothesis (iii)) constrains the occupation probabilities of the many body eigenstates of the circuit in the limit of vanishing tunneling to be given by a thermal distribution ρ 0 with effective temperature T . This enables us to relate the FF quantum noise to the DC non-equilibrium current across the circuit (see Appendix A):
where I(ω dc ) denotes the non equilibrium dc current at bias voltage V and N (ω) denotes the Bose occupation number at temperature T . This perturbative nonequilibrium FDR is the central result of this Letter. It is model independant and its validity solely relies on hypotheses (i)-(iii). Note that Eq. (6) also implies the FDR for the symmetrized noise previously derived in more specific contexts 24, 26, 27 .
Let us now analyze the various regimes of the FF noise S(ω, ω dc ) as a function of ω and ω dc at fixed temperature T . First of all, its asymmetry with respect to ω is related to the non-equilibrium admittance G(ω, ω dc ) 4 . As a consequence, both quantities have a perturbative expression in terms of the non-equilibrium DC current 30 :
Secondly, the noise S(ω, ω dc ) is even with respect to ω dc whenever particle-hole symmetry holds: in that case, a spectral decomposition shows that the DC characteristic is odd. Generically I(ω dc ) has the same sign as ω dc and I(ω dc = 0) = 0. Being mostly interested in the quantum regime, we shall explore frequencies ω dc and ω well above the thermal scale k B T / . Since ω represents the energy of photons emitted (ω > 0) or absorbed (ω < 0) by the conductor, it is natural to compare it to the energy scale |qV |. This leads us to partition the (ω, ω dc ) plane into four quadrants (see Fig. 2 ) separated by diagonal bands |ω ± ω dc | k B T in which thermal fluctuations turn out to play a role even in the quantum regime.
(Color online) Various regimes for the noise as a function of ω and ω dc . The (ω, ω dc ) plane is partitioned into four quadrants separated by diagonal bands of width kBT / (orange) corresponding to the typical energy scale of thermal electron/hole pairs. The quantum regime corresponds to |ω| kBT or |ω dc | kBT whereas the thermal regime corresponds to both ω and ω dc much smaller than kBT .
We first look at the physics far from these bands. In the ω > |ω dc | quadrant (see Fig. 2 ), the system cannot emit any photon (at first order in perturbation theory). Therefore, we expect the FF noise to vanish 4 : S(ω, ω dc ) = 0. Then, Eq. (7) leads to the expression of the FF noise in the ω < −|ω dc | quadrant where it represents the ability of the circuit to absorb radiation. It is then naturally related to the dissipative part of the non equilibrium admittance (see Eq. (7)): S(ω, ω dc ) = 2 ω (G(ω, ω dc )). When particle-hole symmetry holds, S(−ω, 0) = 2qI(ω) which reduces to the usual expression for the FF equilibrium noise only for a linear system.
We now consider the off-diagonal quadrants |ω dc | > |ω|: the vanishing of Bose occupation numbers there implies that the FF noise is proportional I(ω dc − ω) (see Fig. 2 ). In particular, at zero frequency and for |qV | k B T , the noise has a Poissonian expression:
shown here to be valid for an extended and interacting tunneling region 31,32 with a generic environment whereas it was originally derived for an isolated tunnel junction between decoupled conductors 33 . Let us then look into diagonal bands where thermal fluctuations generate neutral excitations with energies below k B T . In the thermal regime, when both ω and ω dc are smaller than k B T / , we recover the Johnson
is the linear conductance which may depend on temperature. Remarquably, at positive frequencies, in the quantum regime, the FF noise along the diagonals is half of the equilibrium noise whereas for negative frequencies, it picks up an extra non-equilibrium contribution ±qI(ω dc − ω).
At finite frequency, one usually measures the differential of the FF noise with respect to the DC voltage or equivalently ω dc . In particular, at low frequency, Eq. (6) implies that this differential noise is related to the differential conductance for |qV | k B T :
This relation has been derived for weak environmental effects 10 and for an isolated interacting quantum conductor within a Hartree framework 9 . It has been experimentally tested in quantum dots 35 . To illustrate our general result, we will now use Eq. (6) to obtain explicit predictions for the FF noise of a single channel conductor in series with an Ohmic impedance R. As shown theoretically 15 and confirmed experimentally 16 , this situation can be described in terms of a localized barrier in a Luttinger liquid (TLL) 36, 37 with interaction parameter K = (1 + R/R q ) −1 < 1 where R q = h/e 2 . A stronger coupling to the environment thus corresponds to stronger repulsive interactions in the TLL. The tunneling regime (R q G 1) of the DCB problem corresponds to a strong barrier in the TLL, i.e to the vicinity of its IR fixed point (K < 1) whereas a good conductor (R q G 1) corresponds to the case of a weak barrier, i.e. to the vicinity of its unstable UV fixed point 37 . Consequently, for a good conductor, we expect perturbative results to be valid when the largest energy among |qV | and k B T is greater than E B , an intrinsic energy of this impurity problem scaling as
1, the bare transmission (no DCB) of the conductor 15, 16 and of the UV cutoff of the problem ω RC . A linear DC characteristic V = (R + R q )I corresponding to the series addition of resistances is recovered when k B T |qV | and max(k B T, |qV |) E B . For a good conductor, voltage division within the circuit then leads to a charge renormalization q = −eR q /(R + R q ) = −eK. When |qV | k B T , keeping |qV | E B , the DC characteristic is no longer linear: I(V, T ) = KV /R q − I B (V, T ) where I B (V, T ) is the weak backscattering current. Predictions for the backscattering noise S B (ω, ω dc ) follow from Eq. (6) and from the perturbative expression 38 :
(10) where ∆ is equal to K < 1, q = −Ke and G ∆ (T ) is a backscattering conductance scaling as
. In fact, Eq. (10) is valid as long as max(|qV |, k B T ) > E B . Consequently, for k B T E B , Eq. (10) can be used in Eq. (6) without further restrictions on (ω, ω dc ) whereas, at lower temperatures (k B T E B ), our result for S B (ω, ω dc ) is valid for |ω dc ± ω| greater than E B .
Remarkably, the mapping of the DCB on the TLL model also gives access to the low energy behavior (|qV | E B and k B T E B ) of a good conductor. This behavior also describes the low energy physics of a tunnel junction due to the strong DCB 15 . Perturbation theory can then be applied close to the IR fixed point corresponding to a disconnected TLL. Since the total effective resistance of the circuit is now much larger than R, no voltage division takes place thus giving q = −e. Eq. (10) can then be used to compute I(V, T ) with ∆ = K −1 = 1 + R/R q > 1 and G ∆ (T ) then corresponds to the linear conductance G(T ). Predictions for S(ω, ω dc ) from Eq. (6) are now valid when | ω| E B and |qV | E B . They apply as well to a weakly transmitting conductor where perturbation theory is expected to be valid for all energy scales smaller than the cutoff energy ω RC .
To understand the effect of the environment on the FF noise in both regimes, we plot the ratio S R (ω, ω dc ) of the noise for R = 0 to its value at R = 0 (no DCB). We present our results assuming ω RC = 40 E B and for two values of R: R = R q /2 (K = 2/3) and R = 2R q (K = 1/3). Note that the FF noise is even with respect to ω dc due to the electron/hole symmetry of the TLL model. Figure 3 presents S R (ω, ω dc ) for a good conductor, assuming k B T /E B = 5. In this regime, S R (ω, ω dc ) ≥ 1: the environment enhances the backscattering noise. This enhancement is especially strong in the thermal regime and for the emission noise within the diagonal bands |ω − |ω dc || k B T / . It becomes even stronger and more concentrated along the diagonal bands with increasing R. This apparently surprising result comes from the fact that increasing R leads to a stronger DCB of the total current corresponding to an increase of I B and correspondingly of its FF noise. Figure 4 presents S R (ω, ω dc ) in the strong backscattering regime describing both a weakly transmitting conductor and the low energy behavior of a good conductor. At low temperature k B T = E B /10, a DCB of the noise is observed as expected from the DCB of the DC nonequilibrium current.
Based on a generalized mapping between the DCB problem and a generalized TLL model 16, 29 , we expect these conclusions on noise enhancement/reduction by environmental effect to remain qualitatively valid for a linear environment with a frequency dependent impedance.
To conclude, we have obtained a non-equilibrium perturbative FDR relating the FF noise to the nonequilibrium DC current across a generic two-terminal quantum circuit. This model independent FDR unifies many previous results and only relies on three hypotheses among which a detailed balance condition in the limit of vanishing tunneling. Most importantly, this condition is deeply related to the effective thermalization of the whole circuit, a question of first importance in mesoscopic thermodynamics 39 . This out of equilibrium FDR opens the way to numerous experiments: first of all, test- ing it on complex nano-structures such as quantum dots would check the basic hypotheses (i)-(iii). Our FDR can also be used to determine whether one measures the symmetrized or non-symmetrized noise when accessing only the emission part of the noise spectrum (ω > 0) 20 . Finally, our non-equilibrium FDR and its generalization to AC bias 21 provide complementary methods to measure the effective tunneling charge q in addition to these proposed in Ref. 30 .
The first step is to compute, to the lowest relevant order in perturbation theory, both the average current I(t) and current correlations defined in the time domain by
Eq. (A1) defines a quantum (non-symmetrized) correlation function which, in full generality, is not symmetric with respect to t ↔ t . The non-symmetrized current noise at finite frequency is then defined by
where S I (t − τ /2,t + τ /2)t denotes the time average over t = (t + t )/2 of S I (t, t ) arising from the long acquisition time of the noise signal. With this definition, the emission noise corresponds to ω > 0 whereas the absorption noise corresponds to ω < 0. Generic current noise measurement corresponds to emission noise measurements 40 but it is now possible to access the full non-symmetrized noise by exploiting the photo-assisted tunneling of quasiparticles across an on-chip superconductor-insulatorsuperconductor junction [41] [42] [43] [44] . In the recently performed experiments on the dynamical Coulomb blockade of the noise 20, 22 , the detection setup accesses the nonsymmetrized excess noise due to the AC bias of the quantum circuit even if the final detection stage is a standard power measurement.
Perturbation theory
Results are most easily obtained by going into the interation representation with respect to the Hamlitlonien H 0 (no tunneling) and expand the evolution operators in powers of the operators A 0 (t ) and A † 0 (t ) which include environmental phases, expressed in the interaction scheme with respect to the Hamiltonian H 0 .
a. The average current The zero-th order term trivially vanishes and, at the lowest non-trivial order, half of the terms involve either two operators A or two operators A † . These terms are assumed to vanish due to hypothesis (ii). The remaining terms involve exactly one A and one A † operator. They can therefore be expressed in terms of the two correlators:
Consequently, at lowest order, under our hypotheses, the average current at time t is obtained as
b. Current noise Let us now turn to the current noise. In this case, the second order in perturbation theory is obtained without expanding the evolution operators since we have already products of two operators A and A † . Since the product I(t) I(t ) is at fourth order, the current noise is finally given by:
t) .
(A5) Although these relations are valid for a general time dependent voltage and are thus relevant for discussing photo-assisted noise and current, we shall now focus on the stationary regime where V (t) = V and therefore E(t) ∝ e −iω dc t . As we shall see now, the above expressions will simplify and provide an explicit FDR relating the noise spectrum of the quantum noise to the non-equilibrium dc characteristic of the conductor.
Stationary case
In the stationary case, the tunneling correlators X > (t, t ) and X < (t, t ) only depend on the difference τ = t − t . Introducing the Fourier transforms
and using Eqs. (A4), the non-equilibrium DC current is obtained as (ω dc = qV / ):
Substituting Eq. (A2) into Eq. (A5) then leads to the FF noise:
The detailed balance (hypothesis (iii)) relates the occupation probabilities p I of the many body eigenstates |I of the circuit with energies E I in the limit of vanishing tunneling:
Using (A9) within the Källen-Lehmann spectral representation of X > (t, t ) and X < (t, t ), the Fourier transforms X > (ω) and X < (−ω) can be related through
This enables us to express X > (ω) as well as X < (−ω) in terms of the dc out of equilibrium current:
where N (ω) = (e ω/k B T − 1) −1 denotes the Bose occupation number and, in the above expressions, this expression is also used to define N (ω) ω < 0. Substituting Eq. (A11) into Eq. (A8) leads to our main result, i.e. the expression of the FF noise in terms of the out of equilibrium dc current:
Appendix B: The Tomonaga Luttinger barrier problem
Presentation of the problem
The problem of a single localized barrier in the TLL has been originally studied by Kane and Fisher within a renormalization group approach 36 . In the interacting case (K = 1), their work has revealed a phase diagram showing an UV and an IR fixed point respectively corresponding to a fully transmitting conductor and a disconnected conductor. These fixed points exchange their stability between the repulsive case K < 1 and the attractive case K > 1. In the repulsive case, the UV fixed point is unstable whereas the IR fixed point is stable, thus implying that the effective barrier diverges at low energies whereas it vanishes at low energies.
A full solution of the problem has been provided in the non-equilibrium stationary case using the thermodynamical Bethe ansatz technique, thus allowing a full interpolation between these two fixed points and explicit predictions for the non-equilibrium current and the low frequency noise 45, 46 with natural applications to the fractional quantum Hall effect (FQHE) 47 . Further work has led to the determination of the full counting statistics of the charge flowing across a quantum point contact in the FQHE 48 and in the TLL 49 . More recently, an exact description of non-equilibrium fixed points of quantum impurity models suitable for treating time-dependant problems has been proposed 50 and may open a nonperturbative approach to generalize or go beyond the perturbative results discussed here.
In the present letter, we shall only use perturbative results for the out of equilibrium current in the vicinity of both fixed points. Such explicit perturbative expressions have been obtained for the non-equilibrium current in the vicinity of the UV fixed point by Chamon et al 38 but the duality of the local barrier problem in a TLL 51, 52 enables us to use similar expressions close to the IR fixed point provided one replaces K by 1/K.
The weak backscattering regime
In this regime, the barrier is modeled by a localized potential described by a localized potential v B . The model also has a high frequency cutoff denoted here by ω RC . A relation between microscopic parameters v B and ω RC and measurable quantities is obtained by considering K = 1 which corresponds to the bare conductor (R = 0 in the DCB problem). Then denoting T = G K=1 (T ) which indeed does not depend anymore on the temperature, we find:
Let us now consider K < 1 directly relevant for the weak backscattering regime since K = (1 + R/R q ) −115 .
At first non-trivial order in perturbation theory, the total current flowing across the barrier contains a weak backscattering correction to the bare current q 2 KV /h:
and G K (T ) is a dimensionless backscattering conductance whose expression depends on the cutoff as well as on the potential of the barrier:
Using Eq. (B1), we can then reexpress the dimensionless backscattering linear conductance G K (T ) in presence of interactions in terms of the temperature and of the energy scale E B associated with the barrier:
where E B is related to the microscopic parameters through the relation
valid in the limit T ∼ 1.
The strong backscattering regime
In the strong backscattering regime, the system is modeled by two half infinite 1D TLLs coupled by a tunneling barrier described by a tunneling amplitude Γ. At the IR fixed point (Γ = 0), no current flows across the barrier. When switching on tunneling, current can flow but, at zero temperature, interactions lead to a non-linear nonequilibrium current in terms of the dc bias 36 . At non zero temperature, a temperature dependent linear conductance can still be defined and vanishes with temperature/ Nevertheless, second order perturbation theory in Γ leads to the following expression for the non-equilibrium current:
where F 1/K (z) is given by Eq. (B3) remplacing K by 1/K and G 1/K (T ) denotes the linear conductance at finite temperature T whose expression is given by substituting K by 1/K and v B by Γ in Eq. (B5). As expected, G 1/K (T ) vanishes at low temperature for K < 1.
Limitations to the perturbative approach for a good conductor
Here we discuss how the breakdown of perturbation theory manifests itself in predictions of the FF noise deduced from Eq. (A12). Let us consider here the case of a good conductor, keeping | ω| and |qV | smaller than the high energy cutoff ω RC .
In order to see the breakdown of perturbation theory when one leaves the vicinity of the UV fixed point of the TLL barrier problem, let us lower the temperature, starting from k B T E B . Fig. 5 depicts the prediction for the dimensionless ratio S R (ω, ω dc ) = S R,T (ω, ω dc ) S R=0,T (ω, ω dc ) (B8) associated with the backscattering current for three values of the temperature: k B T /E B = 2, 0.5 and 0.1. Fig. 5 clearly shows the signs of a divergence along in diagonal bands |ω − |ω dc || E B / when decreasing the temperature below E B /k B . This is a signature of the breakdown of perturbation theory since, in this region, when k B T becomes smaller than E B , all energy scales involved in the non-equilibrium current become smaller than E B . This is precisely the regime where perturbation theory close to the UV fixed point is expected to break down in the TLL barrier problem. Infrared divergences appearing along the diagonal band expresses the divergence of the low energy fluctuations associated with neutral excitations (e/h pairs). 
